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After reviewing the supertubes and super brane-antibrane systems in the context of 
matrix model, we look for more general higher-dimensional configurations. For D3- 
D3, we find a non-trivial configuration with E • B ^ and describe the world volume 
gauge theory. We present the string probe of D3-D3 system and study the decoupling 
limits leading to either noncommutative Super- Yang-Mills or NCOS theories with eight 
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February 1, 2008 



1 Introduction 



After the stringy realization of D-branes [|l|], various brane configurations which preserve some 
super symmetry and hence are stable, have been considered. Among these there are the interesting 
class of 1/4 BPS branes, D2-branes of tubular shape generally called supertubes 0. The supertubes 
have also been realized in the matrix theory in Ref. ||, and it has been shown that it is possible 
to generalize the tubular configuration to p-branes whose worldvolumes are RP^ 1 x C, where C can 
be a circle or an ellipse (or even a hyperbola) §. Later it was proven that C can be a completely 
arbitrary curve ||. 

There are simple but intriguing type of 1/4 BPS brane systems, the supersymmetric brane 
anti-branes, which can be thought as a specific limit of the tubular branes. To see the relation, 
consider a supertube of elliptic cross section. In the limit that the longer axis of the ellipse goes to 
infinity while the shorter one is kept fixed, the supertube system becomes the flat brane-antibrane 
system j|. The spectrum and stability of the system were studied in Refs. pL |6| and it was shown 
that the brane-antibrane tachyon is stabilized by proper amount of static electric and magnetic 
fields on the worldvolume of the branes. More precisely, for the case of D2-D2 branes, the system is 
stabilized by distributing the proper amount of DO-branes and F-strings on the worldvolume of D2 
and D2. Other aspects of supertubes have been discussed in Jj], ||, ||, n], 11]. Related configurations 



of D2 supertubes ending on D4 have also been studied through the Born-Infeld action 12]. 

In this paper first we review the matrix model solutions of a R x C type supertubes as well as 
1/4 BPS D2-D2 system where, for the stability of the system, one needs a very specific electric 
field along the R direction (axis of the supertube). However, the corresponding magnetic field can 
be chosen arbitrarily (provided that it is non-zero). Within the matrix theory, we illustrate how 
tubes with arbitrary cross sectional shape can be realized. By a slight modification of the 1/4 
BPS equations, we also construct the solution of string-type spike pulled out of D2 with constant 
B-field background. Note that the "source term" present in this configuration is compatible with 
the supersymmetry condition. These solutions can be easily generalized to the cases of p > 2. 

In section 3, we focus on the D3-D3 system and consider the worldvolume gauge field configura- 
tions with E • B 7^ 0. The supersymmetric D3-D3 systems, having less supersymmetries (compared 
to individual branes) and of higher dimensions, can be of much interest from phenomenological 
point of view. We show that choosing the electric field of the proper value, i.e. E = 1 in the 
conventions of this section, independently of the value of the magnetic field we can have a 1/4 BPS 
system. We also analyze this system from the Born-Infeld point of view. In section 4, starting from 
the matrix strings action [|D|], we present the matrix theory description of D3-D3 system. We also 
present related BPS equations for less number of supercharges. 

In section 5, we study the spectrum of open strings stretched between D3 and D3 branes. We 
show that for a general background B^ v field there is a tachyon in the spectrum. However, this 
tachyon becomes massless in the E — ► 1 limit, compatible with our arguments of previous sections. 
In section 6, we study the NCSYM limit of the D3-D3 brane system. Performing the Seiberg-Witten 



limit [14] we show that such a decoupling limit, where the massless open strings are decoupled from 
the bulk supergravity modes, exists. In section 7, we show that the D3-D3 brane system admits 
another "decoupling limit", the noncommutative open string (NCOS) limit. In this limit, unlike 
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the NCSYM decoupling limit of section 6, we have a non-critical open string theory, decoupled 
from all the closed string modes. We show that the existence of NCOS limit does not depend on 
the value of the background magnetic fields (provided that E x B is non-zero) . This will provide 
a new class of NCOS theories with 8 supercharges. The last section is devoted to conclusions and 
discussions. 



2 Supertubes in the matrix model 

In this section, we first briefly review how the circular supertubes and super brane-antibrane systems 
arise from the matrix model ||, [?J . We then construct the tubes having an arbitrary cross section 
within the matrix model. We further construct the 1/4 BPS configuration corresponding to (IIA) 
strings pulled out from noncommutative D2-branes. This configuration arises in close connection 
with the tubular geometry but requires a slight modification of the BPS equation. In fact this 
corresponds to the radius varying tubular configuration discussed in Ref. Q . 

We begin with the matrix model Lagrangian [|l]| 

L = ^tr (^(DoXtf + J2 [ X h X J? + fermionic part^) , (2.1) 

where I, J = 1, 2, • • ■ 9, R = g s l s is the radius of the tenth spatial direction, and a'(= ll) is related 
to the eleven-dimensional Planck length by in = (Ra')i . The scale R together with 2ira' will be 
omitted below by setting them unity. We would like to emphasize that all our discussions are valid 
for any finite R and a' and one does not need any further decoupling limit for the validity of the 
description fil| . 

For the tubular configurations, we note that the supersymmetric variation of the fermionic 
coordinates ift in the matrix theory is 

5^= (A^Tz + ^^h^e + e', (2.2) 

where e and e' are real spinors of 16 components parameterizing total 32 super symmetries. Here 
we shall turn on only the first three components of X 1 , which will be denoted by X, Y and Z. 
Introducing the real projection operator P± = (1 ± 7 2 )/2, one may rewrite the variation of the 
fermionic coordinate as 

Sip = [{D X + i[Z,X]) lx + (D Y + i[Z,Y]) ly -D Z + i[X,Y] lxy ]P^ 

+ [(D X-i[Z,X}) 7x + (D Y-i[Z,Y}) 7y + D Z + i[X,Y} lxy }P + e + e' = 0. (2.3) 

Let us choose -P+e = (or P_e = 0) and e' = as remaining supersymmetries. Any non-trivial 
solution will then preserve the 1/4 of the original 32 supersymmetries. The coefficient of P_e should 
vanish for the remaining supersymmetries; this leads to the BPS equations 

D X + i[Z,X] = 0, D Y + i[Z,Y] = 0, D Z = 0, [X,Y] = 0. (2.4) 
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In addition one has to satisfy the Gauss law constraint, 

[X, D X] + [Y, D Y] + [Z, D Z} = 0. (2.5) 

With the choice of the gauge A = Z, the BPS equations are reduced to 

[X,[X,Z]] + [Y,[Y,Z}}=0, [X,Y]=0, (2.6) 

with time independent Xj, i = 1,2, 3.[] The circular tube solution is given by the representation of 
the algebra, 

[z,x)=ily, [y,z)=ilx, [x,y]=0, (2.7) 

with Xi = Xi. The shape is described by the Casimir p 2 = x 2 + y 2 , which is proportional to 
identity for any irreducible representations of the algebra. The irreducible representations in the 
basis diagonalizing Z are given as Q 

oo oo 

x + iy = p y~] \n+l)(n\, z = l ^ (n + a)\n)(n\, (2-8) 

n=— oo n=— oo 

with a £ [0,1). One can check that the configuration has a circular cross section at any fixed z. 
The location of DO-branes are equally spaced by I in the z-direction having the lattice translational 
symmetry. One may generalize the solutions to those of 1/4 BPS multi tubes J|]. This implies that 
there is no force between these tubes. The momentum density D$Xi is conserved and the central 
charge measures the F-string charges j|, [?]]. 

The elliptic/hyperbolic deformation, 

[z,x]=iay, [y,z]=ibx, [x,y]=0, (2.9) 

of the algebra also solves the BPS equations for arbitrary constants a and b. With the Casimir 
operators K, = x 2 /a + y 2 /b, the shape is elliptic/hyperbolic if ab > 0/ab < 0. When ab < 0, the 
configuration is in general composed of two separated sheets for a given /C; For K. > 0, a > and 
b < the representation is 

x = ±V alC cosh k , y = \J\b\K, sinliK , (2.10) 

with [k,z] = iy/\ab\. Each sheet of ± signature is associated with an irreducible representation of 
the algebra. 

If one takes the limit where b (> 0) goes to infinity while fixing a (> 0), the cross sectional shape 
becomes two parallel lines extended in y direction. Since the total D2 charge of this system is zero, 
the configuration in this case corresponds to brane-antibrane system extended in y-z directions, 
which is 1/4 BPS. 

In fact the elliptic/hyperbolic deformation is not the most general case. The tubes of arbitrary 
cross sections are possible ||. To see this, let us consider the configuration defined by 

X = F x (x,y ), Y = F y {x,y), Z = z, (2.11) 

The time independence here does not mean that the momentum DoXi should vanish. 
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where x, y and z are the solutions of (^^) and F x and F y are arbitrary real functions of x and 
y. One may then easily see that this configuration solves the BPS equations ( |2.6| ). Since this 
amounts to an arbitrary coordinate transformation in x-y plane, the curve defined by x 2 (X, Y)/a + 
y 2 (X, Y)/b = K. takes an arbitrary shape in (X, Y) space. To obtain a curve of an arbitrary shape 
it is enough to introduce one arbitrary function, say, F x . The remaining may be associated with the 
reparametrization of the coordinate describing the curve for a given shape. Because of this freedom, 
the worldvolume £>-field become an arbitrary function along the curve but still independent of z. 
Due to the noncommutative description of the complicated shape, the argument here may look 
unclear. We illustrate this freedom explicitly for the case of flat brane solutions. 

However before that we would like to note that there are closely related more general solutions: 
X = F x (x,y), Y = F y (x,y), Z = \{zH{x,y) + H(x,y)z) + G(x,y), (2.12) 



where H and G are arbitrary real functions. This solution is related to (|2.11 ) by a residual 



worldvolume reparametrization of the Z-coordinate. The BPS equations in Q2,6| ) may be generalized 

[X k ,[X k ,X 9 }}=0, [X k ,Xi] = 0, (2.13) 

with k, I = 1, 2, • • • 8. Then the arbitrary curve may be generalized as 

X k = F k (x,y), X 9 = z, (2.14) 

which describes an arbitrary curve in the eight-dimensional space transverse to Xg. 

Now let us consider the planar solutions leading to super brane-antibrane systems. The config- 
uration is again a particular solution of the above BPS equations 

[y,z]=i&®I, x = A®I, (2.15) 

where O and A are the diagonal p x p matrices. Here p is the total number of branes and the 
signatures of the diagonal elements n represent whether the constituent corresponds to a brane or 
an antibrane. When is proportional to identity, the configuration becomes 1/2 BPS describing 
p D2-branes in a constant NS-NS 5-field background. This enhancement of supersymmetries may 
be directly checked using fl2.3|) with an appropriate e' . 

For the simple brane-antibrane system 0, one may take p = 2 with = diag(#i, —62) and A = 
diag(ai,a2) with 61,62 > 0. The parameter 6 describes the noncommutativity of the worldvolume 
theory and a\ and 02 describe the locations of the brane and antibrane in x-direction. Let us first 
consider p = 1 case; the simplest solution is 

[ y ,z]=i6, x = 0. (2.16) 

This corresponds to the NS-NS background B23 = —1/6. It is straightforward to check that the 
arbitrary z-independent -B-field, described by 

Y = y + 6h(y), Z = z, (2.17) 
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where h is an arbitrary real function and [y, z] = i0, solves the BPS equations and the shape is still 
planar. However, if we define gauge field on the brane as 



Y = y + 0A g , Z = z-9A y , 

then 

[Y,Z] = i(9 + 9 2 F yz ) . (2.18) 

Therefore the solution ( 2,17| ) corresponds to the magnetic field F yz = h'(y). The background 
NS-NS -B-field responsible for the noncommutativity is B23 = —1/9 with all the other components 
vanishing. Thus this planar configuration describes a planar brane with an arbitrary £>-field. In this 
matrix formulation, the worldvolume dynamics is automatically described by a noncommutative 
field theory. The map to commutative variables is not that straightforward. They are, in fact, 
related by the Seiberg-Witten map [14]; 

Afj, = (ifj, — \e^{a a , d a„ + f^} + 0{9 2 ), 

F^u = U» + \e aP {2{f m J uP ] - {a a ,D p f^ + d P M) + 0(9 2 ), (2.19) 

where {a, b} = ab + ba, the lower case letters are used for the commutative variables and the 
capital letter for the noncommutative ones. The electric field in this solution is evaluated as 
Fq z = D z Aq — A z = 1 + 9h'{y). Using the Seiberg-Witten map one may confirm that 

f 0y = O(9 2 ), f 0z = l + O(9 2 ), f yz = h\y)- 9 -{h 2 {y)f + 0(9 2 ), (2.20) 

while all the other components are vanishing. Hence we see here that, to the first order in 9, 
the electric components agree with the commutative one.Q Also note that f yz or the combination 
with NS-NS background —1/9 + f yz involve an arbitrary function of y, which is in agreement with 
the commutative analysis [||. The agreement is expected to hold to higher orders in 9 but the 
confirmation requires the Seiberg-Witten map to higher orders. 



Now we discuss another generalization of the BPS equations (|2.4j ). Again we turn on the first 
three component of Xj. Using the projection P + e = and taking e' = #712^, we obtain the following 
slightly generalized BPS equations: 

D X + i[Z,X] = 0, D Y + i[Z,Y] = 0, D Z = , [X,Y]=i9. (2.21) 

With the Gauss law and the gauge choice = Z, the BPS equations are reduced to 

[X,[X,Z]] + [Y,[Y,Z]} =0, [X,Y}=i9. (2.22) 

Without loss of generality, we can assume 9 > 0. Introducing a = (X + iY)/yW and a) = 
(X — iY)/y/26, the second equation implies [a, a/ 1 ] = 1. In the basis where the number operator 
h = a) a is diagonal, the solution reads 

00 

X -iY = x -iy = V29~Y1 Vn + l\n + l){n\ . (2.23) 

n=0 



2 It should be noted that only the gauge invariant combination (B + f)^ has a physical meaning. 
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Observe that the area preserving scaling X = e^X and Y = e W Y for real oj, generates a new 
solution. However, these solutions are related by the following unitary transformation: X{ = 

/ +2 2 \ / f 2 2 \ 

e -u(a -a ) x . e uj(a -a j_ j^. does no t belong to the gauge transformation as, it does not satisfy the 
boundary condition at infinity. Note that the solution in ( |2.23| ) is the one respecting the rotational 
symmetry. Using the solution ( 2.2SQ , the first BPS equation in ( |2.22| ) becomes the Laplace equation 



(d' x +d 2 y )Z = 0, (2.24) 

where we define [x a , •] = i6e a bdb with a,b = 1,2. In fact using the well known Moyal-Weyl map, 
Z can be treated as an ordinary function in x-y space. In terms of the ordinary function Z(x,y), 
Eq. ( |2.24|) becomes the usual Laplace equation and the radially symmetric solution reads 

Z=S-]n(r/r ), (2.25) 
where we introduced "source", Q5 2 (x,y), at z = — oo (or r = 0) to the Laplace equation. Note that 



the introduction of source term does not modify the BPS conditions in ( 2.21 ). The configuration 
still preserves 1/4 of the super symmetries everywhere. The introduction of source term merely 
modifies the Gauss law; the source may be consistently incorporated into the original Lagrangian 
(|2.1[) by a coupling to external charged sources. 



This solution corresponds to a D2-brane with constant l?-field pulled out by string. This is 
precisely the radius varying solution discussed in Ref. §|. Noting D$X a = —9e a bEb, the electric field 
evaluated in terms of functions becomes E a = ^x a /r 2 and indeed one can confirm that the source 
has the electric charge Q. Furthermore if one uses z, (p coordinates (ip is defined by tamp = y/x) 
Fqz = 9 z Aq and hence E z = 1, in agreement with Ref. [||. The logarithmic behavior comes from 
the two-dimensional nature of D2-branes. The presence of point source at the origin makes the 
D2-brane get deformed even asymptotically as r — ► oo. This configuration may straightforwardly 
be generalized to higher dimensions in the T-dual setting of the above and then the branes become 
flat asymptotically. 



The above solutions may be mapped to the operator representation [17] but we shall not delve 
into this detailed translation to the operator representation. Instead let us study the problem 
directly solving the matrix representations. Using the creation annihilation operator, the BPS 
equation plus the source becomes 

- e {[a,[a\Z]} + [a\[a,Z}])=p, (2.26) 

where p is the source. Although the precise nature of the source term is beyond the scope of the 
classical description, the natural choice from the view point of the noncommutative description 
would be 

P=^_|0>(0|, (2.27) 

which corresponds to the minimal unit of area at the origin^] (One may build up general sources 
superposing those obtained by arbitrary translation of the above source.) The solution reads 



2=EUo + f Et NH- (2-28) 




This can be understood as a noncommutative point-like source, as discussed in Jig ]. 
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Noting that r 2 = 2h + 1, the large r behavior agrees with ( 2.25[ ). For small n, the matrix solution 
and the functional solution fl2.25|) do not agree because |0)(0| corresponds not to a delta 



function source but a Gaussian type, in the function description. 



3 ^-symmetry of supersymmetric D3-D3 

In the D2-D2 system discussed in the previous section, the -B-field components turned on are B23 
and E z = B3Q. As mentioned earlier, E z = 1 while B23 may be an arbitrary function of y. The 
obvious higher-dimensional generalizations may be obtained by the T-duality actions along the 
transverse directions, e.g. in this way we can obtain a D3-D3 system but with E and B fields 
satisfying E • B = 0. 

Here we ask for more general configurations. In particular we consider turning on additional 
component of B in the z-direction in D3-D3 system. This will lead to the configuration of E-B 7^ 0. 
The supersymmetry of the configuration is determined by 

Te L = ±e R , (3.1) 

where T is the projection operator appearing in the worldvolume k symmetry and +/— signs are 
respectively for brane/antibrane. The projection operator is determined as 

T = ^^ (70123 - 712^ + lm B + 7oi# - EB) , (3.2) 

Vg + B 

where E = Bq3, B = B23 and B = B\2. Then the condition ( |3.l| ) may be rearranged as 

V9 



VgTB 



[(712 + 5)(7o3 7oiB]e L = ±e R . (3.3) 



When E, B and B vanish, the supersymmetry condition reduces to that of D3 (or D3)-branes, 
i.e. 7oi23fL = ±£R- Without -B-fields, it is clear that there is no remaining supersymmetry if both 
brane and antibrane are present. As in the case of supersymmetric D2-D2 system, we set E = 1 
with projection P+ei = ei where we have defined 

i^ = (l± 703 )/2. (3.4) 

Then the remaining supersymmetry condition becomes^ 

sign(£)7 01 e L = ±e R . (3.5) 

This may be solved for both signs with the same e R if B > for + sign and B < for — sign. As 
in the case of supersymmetric D2-D2, only the signature of B is correlated to the brane charges 
and the magnitude is arbitrary. In addition B is completely arbitrary and could change from brane 
to brane; the supersymmetries are not affected by them. The resulting configurations preserve 1/4 

4 Note that here we have set <? M „ = ?7 M „. 
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of 32 supersymmetries. The super symmetry condition by the above projection is that of stretched 
strings in z-direction and the condition in ( |3.5D agrees with supersymmetry condition for D-strings 
stretched in x-direction. This indicates that the system may be interpreted as a bound state of 
branes composed of F-strings and D-strings. The presence of B implies that there are also D-strings 
stretched along z direction inside the D3-branes. 

In the above we have considered a constant B and E fields allowing variations from brane to 
brane. Let us now look more closely at the Born-Infeld description of such branes. The action is 



det( 5 + B) = -yjl - E 2 + B 2 - (E • B) 2 = — y (1 — E 2 ){1 + B 2 ) + B 2 , (3.6) 

where we take g^ v = rj^ u for simplicity. However as we will see, it would be more convenient to 
consider more general closed string metric when we discuss the Seiberg-Witten decoupling, as well 
as the NCOS limit. The displacement becomes 

tt-^- E + B(E-B) 

dE y/l - E 2 + B 2 - (E • B) 2 V ' ' 

and the Hamiltonian is given by 



n = v 'i + B 2 + n 2 + (nxB) 2 (3.8) 

This may be arranged to the complete squared form as 



n 



( v / i + ^2_ ) 2 + (ny / i + B 2 - ^^ ) 2 + (|i?| + n) 2 >|s|+n, (3.9) 



where II = II 2 and II = n x . This analysis leads to the BPS equations 

\B\U = 1 + B 2 , n(l + B 2 ) = UBB , (3.10) 

which implies E 2 = 1. 

The Bianchi identity dF = and the Gauss law constraint d z Il + d x Il = lead to the conditions 
d x B + 8 z B = 0, d z \^-^- J +d x (b^-\ =0. (3.11) 



\B\ J V \B,. 

With these, one may check explicitly that all the equations of motion are satisfied. 

Assuming d z B = d z B = 0, the above conditions imply that B and B are arbitrary functions of 
y variable only, i.e. 

B = B(y), B = B(y) , E = 1 . (3.12) 
These 1/4 BPS configurations have a translational symmetry in z and x-direction. 



We do not know how to solve ( |3.11 ) in general and any nontrivial solution depending on x or 



z would be quite interesting. A particular example of the solution with d z B ^ may be given by 
B = Cxsec 2 Cz and B = — tanCz, which are singular at Cz = mr/2 with odd integer n. 
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4 Matrix model description of D3-D3 system 



In this section, we will try to reconstruct the D3-D3 using the matrix model. Specifically we shall 
use the matrix model compactified on a circle, matrix strings fl3||, by which one may obtain branes 



in IIB theory compactified on the dual circle. The bosonic part of the Lagrangian is [13] 

L = \j datv {{T ta f + J2( D o X i) 2 ~ (DM 2 + £ \ X h Xj} 2 + fermionic part^) , (4.1) 

where I, J = 2, • • • , 9 and the matrix Xj are function of (t, a). From the original matrix model, 
the X 1 -direction is compactified on the circle and hence after the T-duality it is replaced with the 
gauge field A a in the above Lagrangian and we consider the theory in the decompactification limit 
of the large dual circle. 

The BPS equation related to the previous discussion may be obtained from the variation of the 
fermionic coordinates. Alternatively one may obtain the BPS equations by studying the Hamilto- 
nian. Here we follow the latter method. Consider again turning on only X, Y, Z of the transverse 
components. The Hamiltonian can be arranged as 

H = itr ({J^ - D a Z) 2 + (D X + i[Z, X]) 2 + (D Y + i[Z, Y}) 2 

+(D Z) 2 + (D a X) 2 + (D a Y) 2 + \[X,Y}\ 2 + 2Cj) > tvCj, (4.2) 



where the central charge tr Cj is defined by 

tr Cj = iti {[X, Z(D X)} + [Y, Z(D Y)} + d a {F ta zj) . (4.3) 
Note that to obtain fl4.3| ) we have used the Gauss law constraint, 

-i\X I ,D Q X I ] + D a F ta = Q. (4.4) 

Then the BPS equations are 

Ttc - D a Z = , D X + i[Z,X] =0, D Q Y + i[Z,Y] = 0, 

[X, Y] = , D Z = DfjX = D a Y = 0. (4.5) 

Choosing the gauge Aq = Z, the BPS equations imply that all the matrix variables should be 
static. Together with the Gauss law (|4.4p, the BPS equations ([4.5|) are reduced to 



[X, [X 1 Z]] + [Y,[Y,Z]}+DlZ = 0, 

[X,Y]=0, D a X = D a Y = 0. (4.6) 



To obtain the BPS equations one could use the remaining supersymmetry condition using the 
variation of the fermionic coordinate. The 1/4 BPS condition we are interested in is the T-dual 
version of the tubular branes. Note that there we have used the projection P± = (l±7 z )/2. While 
keeping this projection, the condition Tt a = D a Z is inevitable for the 1/4 BPS configuration. 
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Before solving these BPS equations, we would like to record here more general form of the 
BPS equations by turning on the remaining transverse coordinates. By a similar method, it is 
straightforward to show that the resulting BPS equations are 



Y,lXk,[Xk,X 9 }}+D 2 a X 9 = 0, 

k=2 

[X k ,Xi]=0, D a X k = 0, (4.7) 



where k, I = 2, 3, • • • 8. 



The T-dual version of the above BPS equations are already given in ( 2.13 ). Further generaliza- 
tion analogous to ( |2.22| ) is given by 

8 

^2[X k ,[X k ,X g ]]=0, [X k ,X l ]=i0 kl , (4.8) 

k=l 

where k, I = 1, 2 • • • 8. There are solutions of this BPS equation generalizing the IIA D2p-branes in 
a constant NS-NS B field background pulled out by fundamental strings. We shall not repeat here 
the previous discussion. Similar configuration can be found in the IIB theory generalizing ( [4.71) . 



The above sets of BPS equations are direct generalizations of ([0]) and ( 2.22| ) to higher dimen 



sions. Their solutions preserve at least a quarter of the original 32 supersymmetries. There are 

other generalizations involving smaller fractions. For example, the BPS equations for 1/8 super- 
symmetries may be constructed as follows. We first introduce projection operators 

p9 = l±TS j p 1234 = l±p4 (4Q) 

which are real and commute with each other. Using the variation of the fermionic coordinate in 
( |2.2| ), we consider the cases with 

p9 £ = Q) P 1234 e = 

e' = m,n,p,q= 1,2,3,4 . (4.10) 
This leads to the BPS equations 

D x m = -i[x 9 ,x m ], d x 9 = o, [x m ,x n }-ie mn = h mnpq (ixv,x«]-ien (4.11) 

with the Gauss constraint 

[X m ,D X m ] = 0. (4.12) 
In the gauge where Aq = X 9 , these equations are reduced to 



1 

2 



[X m ,X n ] - i6 mn = -e mnpq ([XP,Xi] - iP*) 



[X m ,[X m ,X 9 ]} =0, (4.13) 

with all the variables independent of time. The first equation here is for noncommutative instantons 
of D0-D4 systems and the second makes them dyonic. These are 1/8 BPS equations for the 
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noncommutative version of the dyonic instantons [^] and the supertubes ending on D4-brane [12]. 
Detailed investigations for U(l) as well as U(p) would be quite interesting but we shall not attempt 
here to do so. 



Now we get back to the BPS equations in fl4,6|) . The solutions 

X = 0, Y = y + 9h(y), Z = z, A a = 0, (4.14) 



with [y, z] = i6 correspond to the T-dual version of the flat D2 solution in (|2.17| ). We shall identify 
the worldvolume directions as x 1 = a, x 2 = y and x 3 = z. X is then describing the transverse 
fluctuation of the D3-brane. Again using the definition 

Y = x 2 + 9A 3 , Z = x 3 -6A 2 , (4.15) 

one finds that 

[Y,Z] = i9 + i9 2 F 23 , D a Z = 0F a2 , D a Y = -9F a3 , F ta = F 01 , (4.16) 



with a = 0,1. The solution ( gTg ) is a special case of above with F%2 = and F 23 = h'(y) and 



only the B 23 component of NS-NS two-form background is non- vanishing. Moreover, using the 
Seiberg-Witten map, one can show that /03 = 1 and f 23 is an arbitrary function of y. Hence it is 
clear that the above solution is the T-dual version of ( [2.17D in the a direction. 

Let us now consider the case with non-zero F± 2 . There is a simple solution with non- vanishing 

X = 0, Y = y + 0h(y), Z = z, A a = k(y), (4.17) 

with [y, z] = i9. The solution stands for a flat brane and h{y) and k{y) are completely arbitrary 
functions of y. Of course there are more general solutions which depend on x 1 = a but we 
shall restrict our consideration to the a independent cases. For the solution ( 4.17| ), F yz = h'(y), 



F\ 2 = k'(y) and Ft a = —0k'. At first sight, the comparison to that of the Born-Infeld analysis 
may seem problematic. Namely there is non- vanishing Fqi component (related to F\ 2 ), which was 
not present in the analysis of the previous section. However again the Seiberg-Witten map plays a 
non-trivial role. For the comparison, we again use the Seiberg-Witten map, Eqs. ( pT9| ) to get the 
commutative variables. They are evaluated as 



hi = f02 = fl3 = 0(9 2 ) , / 03 = 1 + 0{9 2 ) , 

fu = k'(y) - 9(hk')' + 0(6 2 ) , f 23 = h'(y) - °-(h 2 { y ))" + 0(9 2 ). (4.18) 

Hence these are in agreement with the analysis of the previous section. 

Many brane solutions generalizing ( [4 . 1 7| ) can be easily obtained in a similar way described in 
the previous section. Here we shall not exhaust all possible solutions of the above BPS equations. 
There are many obvious solutions. There exist solutions corresponding to the three-dimensional 
generalization of tubes of arbitrary cross section obtained by T-duality. 

Finally let us consider the worldvolume dynamics around the supersymmetric background, 

X = 0, Y = y, Z = z, A a = By (4.19) 
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with constant B and [y,z] = iO. This corresponds to h = and k = By of the solution ( [4.17 ), 
The non-vanishing components of NS-NS two-form background is then B 2 % = —1/0, F%2 = B 
and Fqi = —OB. Through the computation of the open string metric on the worldvolume, we 
demonstrate that this solution precisely describes the supersymmetric background in ( 3,12 ) with 
constant B = —1/0 and B. This identification is also consistent with the results in (4.18). To 
describe the worldvolume dynamics, let us define the worldvolume gauge fields An by 

A = Z + Ao, A a = BY + Ai 

Y = y + 0A 3 , Z = z-0A 2 - (4.20) 

Also X s = ip s , where X s are other than Y, Z, become the six transverse scalar fields. Inserting 
these to the matrix model Lagrangian (|4.1[), one finds 



L = \ J datr + 2 F 2 2 + 2 (1+B 2 )F 2 3 -0 2 T\ Z + 20(T m +0B^){T l2 +0B^ 2 ) 

+ 2^03(^01 -0F 2 z)HVWs-0V2Vs?-(ViVs+0BV W s?-0 2 {V 2 Vs?-0 2 (Vw s ) 2 ] , (4.21) 
where 

V^j — i[.A^, ] , J~ uu — d^Ai/ dyA^i zJ.A^t, Ap\ . (4.22) 
This Lagrangian may be written in a standard form 

L = I dalvQXx VG (G a ^G Pv T a pT^ v + 2G» V V ^ s V v <p s ) (4.23) 

with help of an appropriate metric G^ v . In section 6, we shall explicitly show that the metric 
appearing here is precisely the open string metric associated with the background ( 3.12j ). 



5 D3-D3 open string spectrum and stability 



As we have shown explicitly in section 3, we can have a \ BPS D3-D3 brane system with S-fields 
turned on them. In particular we discussed that there is a i?-field configuration with E • B 7^ 0. 
These solutions are described by non-zero B03, B\ 2 , B 23 fields. Such D3- and D3-branes can be 
obtained by T-duality in a tilted direction on the solutions of Ref. |Q, H, therefore we expect that 
there should not be a tachyonic mode in the open string spectrum stretched between the D3- and 
D3-branes. For the later use and as an explicit check, in this section we work out the details of 
these open string spectrum. 

The background fields at a = (on the D3-brane) are 



B (0) 





( 








E \ 


1 








B 










-B 





B 









—B 


/ 



9ij — Viji 



(5-1) 
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and as we have discussed earlier, at a = ir (on the D3-brane) is obtained by reversing the sign 
of B and B. The boundary conditions are given as 

gijd a X j + 2ira'B i:j d t X j = 0, a = 0, vr . (5.2) 

In a more explicit form they are 

d a X° - Ed t X 3 = 0, 

d a X l ± Bd t X 2 = 0, at a = 0, vr, (5.3) 
d^X 2 t BdtX 1 ± Bd t X 3 = 0, 
— EdtX =F BdtX 2 = 0. 

The mode expansions are found to be 



X 1 



1 i?-E? 
-==(x° + 2a W) + —2a' Pl a 



1 2a' ^ 



1 H ^ -e mt cos no- 

/r n 



p n 



EB\fa' ^ ( c n+ ^ e _ i(n+ ^ )t _ iZ ^ _ d- n _ u ci ( n+ „ )t+iS £ ^ 



E 



X 1 



(1 - £ 2 )p ^ \n + v 
x 1 + 2a' p\t + i 

B^/a 1 



n + v 



(n + v)a- — 



2a' B y^al ^_ int 



1 _ E 2 P n 

1 n^O 



e cos no 



X' 



x- 



+ iVa 1 



x 3 + —2c/ pit + 
B 



^ » n + 1/ n + z/ 

d 

n + f n + v 

E 



[n + v\a 



C n +v c -i( n+ „)t-il£ _ d-n-v c i( n+v )t+ilf . ( .. os 



(n + v)<t- — 



, (5.4) 



2a'po°" 



+ \ 



1 2a' v 
1 - £ 2 ^ n 

n^O 



^ / B 2 E 2 a° n . .B. ~ . ,4 

^M/1H n smna + z — (cos na + lE sinner) — 

y n p n 



-int 



where v and p are defined by 



°n+v r -i(n+v)t-i?f + d -n-v c i( n +v)t+i- 2 , f . ()S 



n + z/ 



(n + zv)cr 



tan ■ 



'B 2 + 



B 2 



P, (0<v< 1), 



(5.5) 



1-E 2 

and the commutation relations of the mode operators are 

[cn+u,d m ~u] = (n+ v)8 n+m , [a°,a£j = -n5 n+m , [cin; a m] = n5 n+m , [x^,Pv] = irf v . (5.6) 

This result shows that v = 1 for E 1 = 1, in which case the levels are integer, which is in accordance 
with the supersymmetry restoration in the limit E = l.FI 

J Though the mode expansions (5.4) look singular in the limit E — * 1, the worldsheet CFT is well defined just as 
for D2-D2 system 0. 
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We define vacuum by c n+u \0) = for n > and d n _ v \0) = for n > 0. Hence the corresponding 
vacuum energy from X ,^ 1 ,^ 2 and X 3 becomes 

* OO -i OO -t OO ^ OO -|-« 

^ = -2E n +2E Jl +2^^) + 2E( n -( 1 -^ = ^-^- 1 ) 2 . ( 5 - 7 ) 

n=l ra=l n=l n=l 



where we have used 

8{a) = J2(n-a) = ^-- ±(2a - l) 2 . (5.8) 



1 1 



24 8 

n=l 



The vacuum energy for the Ramond sector is trivial; the bosonic one is canceled by the fermionic 
contribution and the total is zero. In the Neveu-Schwarz sector, the vacuum energy from the NS- 
fermions associated with 0, 1,2,3 components is given by the substitution v — > \v — 1/2|. In the 
"light-cone" gauge, the contributions from and one transverse oscillator cancel with each other. 
Summing the contributions from the rest of oscillators, we find the ground state energy 



Ei° tal = (l-I(2^-l) 2 W---(2k-l/2|-l) 2 V--- 
\24 8 V V \24 8 l 71 V 24 48 

1 \v-l/2\ 



4 2 



(5.9) 



For v = 0, this is consistent with the vacuum energy of NS sector when the background £>-fields 
are turned off. 

The ground state energy (|5.9|) gives two states with energy 



E 1 = —v, for 1 > v > -, 
2 - - 2 

£ Q = l(z,-l), for \>v>^. (5.10) 

When v = 0, \Eq) gives the true ground state and \Ei) is the first excited state, but the energy 
changes when v is increased. For v > i, \E±) becomes the true ground state and \Eq) is the first 
excited state. For v = and D3-D3, the ground state \Eq) is projected out by GSO projection and 
| .Ei) is kept. However, our D3-D3 system has opposite GSO projection, and the state with E\ is 
projected out and \E§) is kept, leading to a tachyonic state. This state becomes massless for v = 1 
and hence for E = 1 the system is tachyon free and stable. 

Let us consider what is the spectrum at lower levels. The ground state is denoted by 

X). (5.11) 



2 

Corresponding to the mode oscillators c n+u and d- n - u , we have fermionic oscillators ip n+l/ _i and 
ijj __„_ i. For v > i, ip_,.,i,ip,._3 and transverse oscillators ib % x (i = 3, . . . , 8) give lower states 

2 ^~ 2 2 — 2 

(which remain after GSO projection) 



>-d) - i>-„4-\") 
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ad-"); - m 



1-!/) EE 



1 

^ 

2 

1 



(5.12) 



For v < 1, the first state is the ground state discussed above and gives tachyonic one. All these 
states give 8 massless for v = 1, and the level is degenerate with Ramond sector, in accordance 
with the restoration of super symmetry. Our discussions are quite analogous to those in Ref. ||. 
The system has 1/4 supersymmetry in the limit E — ► 1. Our result of 8 massless bosonic states is 
consistent with this claim because the representation of 8 supercharges contains 2 4 states in total, 
half of which are bosonic. 



6 NCSYM limit of D3-D3 branes with E • B ^ 



Here we would like to compute the metric for the noncommutative worldvolume theory on the 
D3-brane. For this, we shall follow the procedure described in Refs. [f|, We begin with the 
closed string metric of the diagonal form g^ u = diag(— \gt\,g x ,g y , 9z) and B^ u of the form given in 
( |5.lD , which is nothing but B^ v for the D3-brane. With this metric and after restoring 2-na 1 factors, 
the condition for supersymmetry or the "criticality" becomes 



\9t\g y 9z = g y {2-Ka,'Ef 



(6.1) 



and hence, XE = ±y/\gt\g z with A = 2ira' . The open string metric can be identified using the 



following relation to the closed string metric [21]: 



1 9 1 

g + XB ~ X + G + A$ : 



(6.2) 



where G and 9^ v are the open string metric and the noncommutativity of the worldvolume theory, 
respectively. The two form <3? is free to choose but there is a natural one for the matrix theory 
description pi[| ; in the matrix theory they are given by the relation [di,dj] 
-iBijX j and [x\x j ] = i9 ij = ((B" 1 )^ . 



-i&ij where <9j 



With the value E in (|6l 



g + XB \g t \g x (^B) 2 



( g x (XB) 2 + g z K -XBXBXE -g x XEXB -XEK \ 

XBXBXE -\g t \(XB) 2 -\g t \XBXB 

-g x XEXB \gt\g x XB 

\ XEK -\g t \XBXB -\g t \g x XB -\g t \K ) 



(6.3) 



where K = g x g y + (XB) 2 . Then the Seiberg-Witten limit, resulting in a noncommutative gauge 
theory on branes, corresponds to 



A 



g y ~ g z ~ e 



, 



(6.4) 
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keeping B, B, g t and g x fixed. From ( |6. 1| ) it is seen that in this limit E is also fixed. In this limit, 
one finds that 



(6.5) 



for any fixed this agrees with 8 appearing in the matrix model description. The two form for 
the matrix model is identified as 



( 








\ 























-1/B 







1/B 


o J 
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—B 









B 








From this and using 



), one may compute G^ v without taking the Seiberg-Witten limit: 

\ -l 

(11/ 



(6.6) 



G 



(g + \B) 



-i 



x), " A V- 



(6.7) 



A straightforward evaluation yields 

/ 

G„ 



1 /IV 






\B\E/g z 






K/9y 



-\B\B/g y 



XB\E/g z 






\ 

-XBXB/gy 





(6. 



and 



\9t\ 



9z 
\E\B 





9x 


\B 
g x \B 



XEXB 







9x9y 





\B 
g x \B 



(AB) 2 



(6.9) 



We note that consistently (using coordinate transformations) we can set \gt\ = g x = 1, and also 
= B 2 — B 2 , then = E 2 . G^ v is the metric which appears in the noncommutative action 
derived from the background solution. In the background solution, we take a gauge where the 
solution is independent of the time and the D-string is along a = x 1 coordinate. Here we do not 
have to take the Seiberg-Witten limit, but the same metric follows from the limit as mentioned 
before. 



Now let us study the behavior of the open string coupling, G s , in the decoupling limit. The 
open string coupling in terms of the closed string coupling, g s is given by 



G s 



/det(G + A<E) 
det(s + XB) 
j detjg + XB) 
det g 



(6.10) 
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Note that the second line of the above equation is true for any choice of <i>. Then, imposing the 
criticality condition ( |6.1| ) 



det(g + XB) = -\g t \g x {\B) 2 , det g = - \gt\g x g y gz , 

and hence, 

G s = g s J§*1 . (6.11) 

V 9y9z 

In the Seiberg-Witten decoupling limit (|6~i|), G s ~ g s €T x l 2 . Therefore, in order to have a finite 
open string coupling, the closed string coupling g s should behave as 

9s ~ V~e ■ (6.12) 

In other words in the decoupling limit of Q6.4| ) and ( |6.12j ) the closed strings are essentially decoupled 
while the open strings, which are of finite coupling, govern the dynamics of the system. 

We would like to comment that unlike the usual belief that for E • B ^ the Seiberg-Witten 
decoupling limit makes the Born-Infeld action imaginary and unstable, is not necessarily true. The 
argument of Ref. |22] does not work for the case here because it is based on the uniform scaling 
of g^ u . The above computation explicitly demonstrates that there may be a decoupling limit of 
noncommutative worldvolume gauge theories even for E ■ B ^ 0. 



7 NCOS limit 



It is known that strings living in an electric field background in a particular limit decouples from the 
closed strings |^3| . In this limit the electric field is taken to some "critical limit" |^| and consequently 
the closed strings mass scale goes to infinity, while open strings remain of finite mass. In this limit 
the closed string coupling, g s also goes to infinity [ p3| . As we will show, although in our case the 
electric field is already fixed by the supersymmetry and BPS conditions, still our D3-D3 system 
admits an NCOS limit. 

To show that such a limit where the closed strings decouple exists, let us consider the following 
limit: 

9t ~ 9z ~ XE ~ A a 

9x ~ 9y ~ A , B, B = fixed , A = 2vra' -» . (7.1) 
with a < 1. The closed string degrees decouple because their mass scale 

gtfa! ~ A"- 1 (7.2) 

goes to infinity as A — > 0. 

6 Note that this criticality in principle is different from ours, Eq. (|6. l|) . 
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In this scaling limit, the open string metric can be read from Eq. (|6.3|): [] 



= _ 

9x 



( —uv 

1 

Wy/U 

V B/B 



Wy/u \ 

B/B 



v J 



(7.3) 



where we have defined 



It is clear that a'G t 1 remains finite in the scaling limit. Hence all the massive modes of open 



u = g z /\g t \, v = K/{\B) 2 , w = g x /(XB) 



(7.4) 



strings are of finite mass and hence limit Q7.1| ) may lead to an NCOS theory. We would like to note 
that although one of the diagonal elements of the metric ([T.3j) is zero, 



detG 



9x\9t\ 
9y9z 



(XB) 4 



(7.5) 



and hence metric is not singular. The noncommutativity parameter 



9 nv = A 
9x 



( ^/uB/B vy/u \ 

-y/uB/B 

-w 

w J 



(7.6) 



-V\/U 



remains finite and also includes the spacetime component. As we see 

\ _ A 

X eff ~ — . 



9x 



(7.7) 



is the open string mass scale, as well as the noncommutativity scale. Without loss of generality, 
one may consistently set u = v = 1. 



To complete our arguments, we still need to show that in the NCOS limit (7.1) the open string 
coupling is finite and also the massless closed string states have vanishing coupling. The open 
string coupling (6.11) in the above NCOS limit behaves as 



l-q 

9sX 2 . 



Therefore to have a finite G s the closed string coupling should behave as 



9s 



A a a 



oo . 



(7.8) 



Similarly to the usual NCOS cases |23j, our NCOS theory is actually defined in the strongly coupled 
closed strings regime. However, one should note that the coupling for the massless closed string 
(supergravity) modes, the ten-dimensional Newton constant Gn, differs from g 2 in factors coming 

7 In this section we set $ = 0, and hence G^ v and are just the symmetric and anti-symmetric parts of (g+\B)~ 1 
respectively. 
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from -y/det g±Q. In order to work out the effective coupling for this massless modes, we first need to 
fix the scaling of the components of the closed string metric transverse to the D3-D3 system. Let 

9ab = g±S a b, a,b = 1,2- • • ,6. (7.9) 

Then the scaling behavior of g± can be fixed demanding that the D3-brane is still carrying one 
unit of RR-charge. This implies that 

l+a 

g± ~ A 2 . 

On the other hand the effective coupling for the gravitons polarized, say in t-z directions would be 

9^ 



gtG N 




(7.10) 



That is, in the decoupling limit defined through ( |7.1| ), fl7.8p, the massless closed strings will also 
decouple.^ Therefore, all the closed strings, massless and massive, are decoupled and our theory 
is completely described by the open strings with mass scale X e ff and the coupling G s given in 
Eq. dTp). ' 



The above analysis demonstrates that there exists an NCOS limit related to the supersymmetric 
D3-D3. Note that, in the above computation, B does not play an essential role and may be set 
to zero. This in particular implies that upon a T-duality in the x 1 direction our NCOS theory is 
mapped into another NCOS theory coming from the supersymmetric D2-D2 system of Ref. Q |6| . 



8 Discussion 



In this paper we have studied various generalizations of the supertubes and brane-antibrane systems. 
We have shown that there is a 1/4 BPS D3-D3 configuration in which E-B / 0, where E and B are 
the electric and magnetic background fields and therefore if we choose E to be along the z direction, 
the system is specified with two components of the B field, one parallel to E and the other one 
transverse to E. The latter may be chosen to be in the x direction. Analyzing the system through 
the Born-Infeld action and also the matrix model we showed that in general the -B-field component 
parallel to E can be an arbitrary function of x and y while the other component can be an arbitrary 
function of y. Working out the spectrum of the open strings attached to D3 and D3 branes we 
showed that in the E — > 1 limit tachyon disappears from the spectrum, which is in agreement with 
our earlier discussions. Here we mainly focused on the flat D3-D3 system. However similarly to 
the supertubes case one may think of generalizations with other cross sectional shapes. Although 
we have discussed the D3-D3 case explicitly, it is also straightforward to generalize our discussions 
to the higher-dimensional brane-antibrane systems, the simplest of which can be obtained through 
T-dualities. 

8 It is straightforward to verify that the effective coupling for the other graviton polarizations as well as the other 

l-q 

supergravity modes will go to zero as some power of \~^~ . 
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The supergravity solution for the supertubes has also been worked out [24]. The similar problem 
can be studied for the general D3-D3 system we have introduced here. 

Here we also briefly discussed the systems with lower supersymmetries. In particular, we studied 
the 1/8 BPS solutions in the context of matrix model. These solutions are matrix version of the 
noncommutative tube-D4 system studied in [jf^]. Another possible generalization is on supertubes 
or D2-D2 connecting many D4 branes separated in the transverse space j^5|, which appear as 
electrically charged magnetic strings from the view point of the D4 worldvolume. In the same lines, 



generalizing the arguments of section 4, one may construct 6 or 8 dimensional BPS solutions 26] 
corresponding to D0-D6 or D0-D8 systems. Such solutions can be 1/16, 1/8 or 3/16 BPS. However, 
the general classification of the BPS equations involving electric components is a complicated issue 
and may be studied in an independent work. 

As another interesting direction to pursue, one may study the behavior of the D3-D3 system 
under S-duality of type IIB strings. Being BPS and since S-duality generally does not change the 
number of conserved supercharges, we expect under S-duality D3-D3 system to be mapped into 
another stable 1/4 BPS configuration. In fact using the results of Ref. [p7| 1, one can show that under 
the S-duality transformation g s — > i, the BPS condition E = 1, is again mapped into another 
similar BPS condition. To be precise, the background 5-field of ( [5 .If ) after the S-duality becomes 

B 01 = sign(5) , B 12 = , B 23 = B sign(S) , 

and all the other components zero. As we see again the electric field, which is now in x 1 direc- 
tion, squares to one.[] It is then, straightforward to show that for a general SL(2, Z) S-duality 
transformation we have similar results; however, we may have non-zero B 23 or B\ 3 fields as well. 
Therefore, the set of general supersymmetric D3-D3 systems is invariant under SL(2, Z) 

S-duality. Then, one may take the NCSYM or NCOS limits. We expect that generically these 
1/4 BPS NCOS theories also enjoy the SL(2,Z) symmetry, just similar to the usual 1/2 BPS 



NCOS theories pq , 29 1. However, for some particular values of the background fields, we expect 
the NCOS theory to be S-dual to an NCSYM |§, H- The SL(2, z ) behavior of the BPS D3-D3 
system deserves a more detailed study which we postpone to future works. 
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